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Abstract. We use the Fokas method to analyze the derivative 
nonlinear Schrodinger (DNLS) equation iq t (x,t) = —q xx (x,t) + 
(rq 2 ) x on the interval [0, L}. Assuming that the solution q(x,t) 
exists, we show that it can be represented in terms of the solu- 
tion of a matrix Riemann-Hilbert problem formulated in the plane 
of the complex spectral parameter £. This problem has explicit 
(x,t) dependence, and it has jumps across {£ G C|Im£ 4 = 0}. The 
relevant jump matrices are explicitly given in terms of the spec- 
tral functions {o(f), 6(0}. i A (0> B (0}, and {yt(£),B(£)}, which 
in turn are defined in terms of the initial data qo(x) = q{x, 0), the 
boundary data go(t) = q(0,t), gi(t) = q x (0,t), and another bound- 
ary values fo(t) — q(L,t), fi(t) = q x (L,t). The spectral functions 
are not independent, but related by a compatibility condition, the 
so-called global relation. 



1. Introduction 

The inverse scattering transformation is an important method for 
solving initial value problems of complete integrable equations, but it 
is currently unknown for the case of initial-boundary value problems. 
A new method based on the Riemann-Hilbert factorization problem to 
solve initial-boundary value problems for nonlinear integrable systems 
was presented by Forkas [HI EE], and later it was further developed 
by several authors [HI [121 I2Q1 [2Tj . The Fokas method is based on 
reducing the initial-boundary value problems to the Riemann-Hilbert 
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problem on the complex plane of the spectral parameter. But in the 
analysis of the initial-boundary value problem, we face the problem 
that for the construction of the associated Riemann-Hilbert problem, 
more boundary values are needed than a well-posed initial-boundary 
value problem, since the boundary values are dependent. In [8], Fokas 
and Its extended the initial-boundary value problem for the nonlinear 
Schrodinger equation on the half-line to the case of initial-boundary 
value on the finite interval. 

In this paper, we analyze the Dirichlet initial-boundary value prob- 
lem for the DNLS equation on a finite interval 

iqt = -q, x + (rq 2 ) x , x G (0, L), t e (0, T), (1.1) 

q(x,0) = q o (x),xe(0,L), (1.2) 

g(0, t) = g (t),q(L, t) = f (t),t e (0, T), (1.3) 

where r = ±g, and q denotes complex conjugate of q, the subscripts de- 
note differentiation with respect to the corresponding variables. L and 
T are positive constants, and go, go, fo are smooth functions compatible 
at x = t = and at x = L,t = 0, i.e. go(0) = <7o(0), qo(L) = /o(0). 

The DNLS equation (11. ip is also called Kaup-Newell equation [13]. 
We just consider r — q, because the two equations 

iq t (x, t)q + q xx (x, t) = ±(|g| 2 g) x 

can be transformed into each other by replacing x — > —x [3]. 

The DNLS Eq. (II. ip has several applications in plasma physics. In 
plasma physics, it is a model for Alfven waves propagating parallel to 
the ambient magnetic field, q being the transverse magnetic field per- 
turbation and x and t being space and time coordinates, respectively 
[1] . For more physical meaning of Eq. (II. ip , we refer to [2j [3j H] , and 
the references therein. Being integrable, Eq. (Il.ip admits an infinite 
number of conservation laws and can be analyzed by means of inverse 
scattering techniques both in the case of vanishing and nonvanishing 
boundary conditions [131 E3]- A tri-Hamiltonian structure of Eq. dl.ip 
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was put forward in [17J. The Darboux transformation and soliton so- 
lutions have been investigated in [151 EE HI HE]- Recently, Lenells an- 
alyzed its Riemann-Hilbert problem associated with initial-boundary 
value problem of the DNLS Eq.(l.l) on the half-line [I]. 

In this paper, we extend Lenells's result to the initial-boundary value 
on the finite interval (1.1)-(1.3) following the Fokas and Its idea [Sj. We 
will show that the dependence of Riemann-Hilbert problem associated 
with initial-boundary values can be characterized in terms of spectral 
functions. The spectral functions associated with initial and boundary 
values of a solution for the DNLS equation must satisfy certain global 
relations. In the following section 2, we derive the spectral analysis 
of the Lax pair for Eq. dl.ip . In section 3, we investigate the spec- 
tral functions a(g),b{£);A(g),B{g);A{g),B{g). Then Riemann-Hilbert 
problem associated with the initial-boundary value (1.1)-(1.3) is further 
presented. 

2. Spectral analysis under the assumption of existence 
The DNLS equation admits the Lax pair formulation [T3J |2~T] 

vix + i£, 2 vi = q£v 2 , v 2x - ii 2 v 2 = r£ui, 
iv lt — Av 1 + Bv 2 , iv 2t = Cvi - Av 2 , (2.1) 

where £ e C is the spectral parameter, and 

A = 2£ 4 + £ 2 rq, B = 2i^q - £q x + i£rq 2 , 
C = 2i£ 3 r - £r x + i£r 2 q. 

By introducing 




we can rewrite the Lax pair (12. ip in a matrix form 
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^ + 2z£V 3 ^ = H£ 2 QV 3 + 2£ 3 Q - i£Q s a 3 + £Q 3 )ip, (2.2) 
Extending the column vector ip to a 2 x 2 matrix and letting 

we obtain the equivalent Lax pair 

* t + ^ 4 [a 3 , *] = H£ 2 qv 3 + 2^ 3 g - itQ x a 3 + eg 3 )^,(2.3) 

which can be written in full derivative form 

d(e l ^ x+2 ^ t)a:i ^(x, t, 0) = e^ 2x+ ^ H) ^U(x, t, 0*, (2.4) 

where 

[7 = U l( ix+U 2 dt = ^Qdx + (-iC 2 Q 2 cr 3 + 2^Q~^Q x a 3 + CQ 3 )dt. (2.5) 

In order to formulate a Riemann-Hilbert problem for the solution of 
the inverse spectral problem,we seek solutions of the spectral problem 
which approach the 2x2 identity matrix as £ — > oo. It turns out 
that solutions of Eq. (12.41) do not exhibit this property, hence we use 
Lenell's method in Ref. [I] to transform the solution \1/ of Eq. (12.41) 
into the desired asymptotic behavior. We write the process of the 
transformation as follows. 

2.1 Asymptotic analysis 

Consider a solution of Eq. (12. 4p of the form 

\&1 \&9 1 

where D, ^/ 2 , ^3 are independent of £. Substituting the above ex- 
pansion into the first equation of (12.31) .and comparing the same order 
of £'s frequency, it follows from the 0(£ 2 ) terms that D is a diagonal 
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matrix. Furthermore, one finds the following equations for the 0(£) and 
the diagonal part of the 0(1) terms 

0{£):i[<T 3 ,V 1 ] = QD, i.e. v[ o) = l -QDa 3 , 

with being the off-diagonal part of \l/i,and 

0(1) :D X = Q^\ 

i.e. 

A = % -Q 2 o 3 D. (2.6) 

On the other hand, substituting the above expansion into the second 
equation of (12.31) . one obtains from that 

0(£ 3 ):2*[a 3 ,^i]=2QA i.e. ^ = l -QDa 3 ; (2.7) 

and 

0(0 : 2i[a 3 , tf 3 ] = -iQV 3 tt£ o) + 2Q^f - iQ x a 3 D + Q 3 D, (2.8) 

i.e. 

- itfo&f + 2Q^ o) = -^Q 3 ^J o) + \QQ X D + 1qV 3 A (2.9) 

where ^ denotes the diagonal part of ^2] and for the diagonal part 
of the 0(1) terms 

0(1) : A = -iQ 2 <J^f + 2Q¥ 3 o) - zg,a 3 ^S o) + Q^[ o) , 

again, using ( 12. 7ft and ( 12. 9 p . we have 

3? 1 

A = ( T QV 3 + -[0,g,])A 

which can be written in terms of q and r as 

3i 1 

A = ( jr-V + -(r^ - r ga; ))a 3J D. (2.10) 
2.2 Desired Lax pair 

We note that Eq. fll.ip admits the conservation law 
(^ r l)t = (^r 2 q 2 + ^(r x q - rq x )) x . 
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Consequently, the two Eqs. (I2.6H and (12.101) for D are consistent and 
are both satisfied if we define 

D(x,t) = e iJ ^ Aa3 , (2.11) 

where A is the closed real-valued one-form 

A(x, t) = \dx + (K 2 q 2 - % -[r x q - rq x ))dt. (2.12) 

Noting that the integral in (12. lip is independent of the path of integra- 
tion and the A is independent of £, then we introduce a new function 
H by 

t, = e iJ V$ A %(x, t, £)D(x, t), (2.13) 

Thus, we have 

H = I + 0{~), ^oo, (2.14) 
and the Lax pair of Eq. (12.41) becomes 

d(e^ 2x+2 ^ij(x, t, 0) = W(x, t, 0, (2.15) 

where 

W(x,t,£) = e i(?2:E+2 ^ 3 y(x,t,0/i, 

V = V x dx + V 2 dt = e~ iJ (°$ A&3 (U - iAa 3 ). 
Taking into account the definition of U and A, we find that 

(--ra £ae~ 2i ^^ A \ 

^re 2i Vo) A L rq J 

3*^2^2 _U„ n _„ n \ fo<3„ _l xt n i C^\ a - 2i 1(0.0) A 



—i£ 2 rq—^r 2 q 2 — \{r x q — rq x ) (2£ 3 g + i£q x + £q 2 r)e 

(2£ 3 r + i£r w + £r 2 q)e 2iI (°*& A i£ 2 rq + ^r 2 q 2 + \(r x q - rq x ) 

(2.17) 

Then Eq. (12 . 1 5|) for fi can be written as 

(jl x + i£ 2 [a 3 ,ij] = Vifi, 

f i t + 2i^[a 3 , f i} = V 2f i. (2.18) 
2.3 Eigenfunctions and their relations 
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Throughout this section we assume that q(x, t) is sufficiently smooth, in 

Q = {0 < x < L,0 < t < T} 

where T < oo is a given positive constant ;unless otherwise specified, we 
suppose that T < oo. 

Following the idea in Ref.[24j, we define four solutions of Eq.( l2.15j) 



^(x,t,0 = l+ / e-^+ 2 ^W0/,r,O, J = 1,2,3,4, 



where (a?i,*i) = (0,T), (x 2 ,t 2 ) = (0,0),(x 3 ,t 3 ) = (L,0),and {x 4 ,U) = 
(L, T),see Figure 1. 

Since the one- form W is exact, the integral on the righthand side of 
(I2.19p is independent of the path of integration. We choose the partic- 
ular contours shown in Figure 2. By splitting the line integrals into 
integrals parallel to the t and the x axis we find 



by 




(2.19) 




(2.20) 




(2.21) 




(2.22) 




(2.23) 




■r 
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And we note that this choice implies the following inequalities on the 
contours, 



-»• (x,t) 

(x 3l t 3 ) ->■ 
(x 4 ,t 4 ) -> (x,t) 



y - £ < 0, r - t > 

y - £ < 0, r - t < 

y - £ > 0, r - t < 

y - x > 0, r-t>0 

We find that the second column of the matrix equation (12.191) involves 
e [2*(£ 2 (y-x)+2£ 4 (T-t))] ^ anc j us j n g above inequalities it implies that 

the exponential term of fij is bounded in the following regions of the 
complex £-plane, 

{Im£ 2 < 0}H {Im£ 4 > 0}, 
{Im£ 2 < 0}n {Im^ 4 < 0}, 
{Im£ 2 > 0}H {Im£ 4 < 0}, 
{Im£ 2 > 0}H {Im£ 4 > 0}. 



-)> (x,t) 
(x 2 ,t 2 ) -> (x,t) 
(x 3 ,t 3 ) -> (x,t) 

Thus, we have 



.(3) „(2)N 



(2.24) 

where fij denotes fij is bounded and analytic for £ 6 Dj,and Dj = 
WiU (-w^j-Wj = {-£ G C|f G Wi},^ = {£ G C|^7T < f < f7r},see 
Figure 3. 

But the functions /ii(0, t, £),/i 2 (0, £, £),/i 3 (x, 0, £),// 3 (L, £, £),^ 4 (L, t, £) 
are bounded in larger domains: 

/ i 1 (o,t,o = (/iS 24) (o,t,0,^ 13) (o,t,0), 
/i 2 (o,t,o = (^ 13) (o,t,0,^ 24) (o,t,0), 

im(lm) = {fjtHLMlfjt \L,t,0), 
li 4 {L,t,C) = {iif 4) (L,t,0^ ( 4 3 \L,t,0)- 
By (EUJD, it holds that 

^(x, t, = I + O(i), £ -»> oo, j = 1, 2, 3, 4. (2.26) 
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The fij are the fundamental eigenfunctions needed for the formulation 
of a Riemann-Hilbert problem in the complex £-plane. 

In order to derive a Riemann-Hilbert problem,we have to compute 
the jumps across the boundaries of the D^s. It turns out that the 
relevant jump matrices can be uniquely defined in terms of three 2x2- 
matrix valued spectral functions s(£), S(£) and Sl{£) defined as follows. 

Assuming fj, and jl are the solutions of Eq. fl2.18l) .then the two solu- 
tions are related by 

t, = /*(*, t, Oe~ t{ex+2 ^C (0, (2.27) 

where Co(£) is a 2 x 2 matrix independent of x and t.Let ip and ip be 
the solutions of Eq. (12. 2 p corresponding to fi and Jl according to 

^(x,t,0 = e iJ ^ Aa3 ^(x,t,OD(x,t)e- i{ex+2et)a3 , (2.28) 

but we note that there exists a 2 x 2 matrix Ci(£) independent of x 
and t such that 

1;(x,t,Z) = <$(x,t,Z)C 1 (Z). (2.29) 
By using f l2T2Tj) . ( JX2Bj) and f l2~2T)]) .we have 

C?o(0 = e- 4/ ^ Aa> C7 1 (0. (2.30) 
From (I2.27p .the functions jUj are related by the equations 

/isGM.0 = ^UK^+^MO, (2-31) 

/iifot.O = ^(M.Oe^* 4 ^*^, (2-32) 

AnOM.fl = ^(x,t,0e- i( ^ +2 ^ 3 ^(0- (2-33) 
Evaluating equation ( 12 . 3 1 [) at (x,t) = (0, 0), implies 

s(0 = ^ 3 (0,0,e). (2.34) 
Evaluating equation f)2.32p at (x,t) = (0,0),gives 

5(0=^i (0,0,0- (2-35) 
Evaluating equation f)2.32p at (x,t) = (0,T), yields 

5(e) = (e 2i ^^ 2 (0,T,0)- 1 . (2.36) 
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Evaluating equation ( 12. 33ft at (x,t) = (L,0),we have 

S L (0 = fi i (L,0,£). (2.37) 
Evaluating equation ( \2.33h at (x,t) = (L,T),we get 

S L (0 = (e 2 ^ Ta ^ 3 (L,T,0)- 1 . (2.38) 
Eq.([MI]) and (12331) imply 

m(xM) = Ma^t.Oc^^^IaCOe^^CO], (2-39) 

which will lead to the global relation. 

Hence, the function s(£) can be obtained from the evaluations at x — 
of the function n 3 (x,0,£);S(£) can be obtained from the evaluations 
at t = T of the function /^(O, ^ an d §l(0 can De obtained from the 
evaluations at t = T of the function fj,±(L,t,£). And these functions 
about /ij satisfy the linear integral equations 

fii(0,U) = 1- J e^-^^XO^Odr, (2.40) 

^ 2 (0,t,0 = 1+ f e 2 ^ T ^(V 2 fi 2 )(0,r,OdT, (2.41) 
./o 

/x 3 (x,0,0 = I - [ e^-^iV^iyAOdy, (2.42) 

// 3 (L,*,0 = 1+ f e 2l ^ T ' t)&3 (V 2 ^)(L,r,0dr, (2.43) 
./o 

/i 4 (L,t,0 = I - ^ T e 2i « 4 ^-^(^ 4 )(L,r,0rfr. (2.44) 

By evaluating the equations (12. 16[) at i = and (12.171) at x = 0,x = 
L,we find the equations 

k(x,o,o= ( rj 1 ?!^, ^-j/o koi 2 ^ h (2 . 45) 



l9ol 2 dy i| go | 



-i£ 2 |so| 2 - f |5o| 4 - |(si<?o - SbSi) (2^50 + ifri + Iffo | 2 )e~ 2i 
(2^90 - %gi + C9o\go\ 2 )e 2i ti ^(o,r)dr ^2^2 + 3^4 + i { - gm _ - gm) 

(2.46) 
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V( , , "^ 2 |/o| 2 -fl/o| 4 -^(/i/o-/o/i) (2e 3 /o + ^/i+e/o|/o! 2 )e- 2 ^o A2 ( L ^ 

' 1 (2e 3 /o- J e/i+^/o|/o| 2 )e 2t/ » A2{L ' T)dT ^ 2 |/o| 2 + f|/o| 4 + ^1/0-/0/1) 

(2.47) 

where q (x) = q(x,0),g (t) = q(0,t),gi(t) = q x (0,t),f o (t) = q{L,t) and 
fi(t) = q x (L, t) are the initial and boundary values of q(x, t),and 

A 2 (0, t) = - A \g Q \ 4 - ~{g igo - g gi)- (2-48) 

A 2 (L,t) = ^|/o| 4 - l -(fifo ~ Mi)- (2.49) 

These expressions for Vi(x, 0, £,),V 2 (0, t, £) and V 2 (L,t,£) contain only 
Qo(x),{g (t),gi(t)} and {fo(t), fi(t)}, respectively. Therefore, the inte- 
gral equation (12.421) determining s(£) is defined in terms of the initial 
data qo(x), the integral equation (I2.4ip determining S(£,) is defined in 
terms of the initial data {go{t), gi(t)} and the integral equation (12.431) 
determining <Sl(0 is defined in terms of the initial data {fo(t), fi(t)}. 
Let us show the function /i(x,t, £) satisfy the symmetry relations. 

Theorem 2.1. For j = 1,2, 3, 4 ; the function /i(x,£,£) = fij(x,t,^) 
satisfies the symmetry relations 



/J, n (x,t,£) = /J, 22 (x,t,£), 



V2i(x, t, £) = /j, 12 (x, t, £), (2.50) 

as well as 

fj, n (x,t, -f) = // n (£,i,f), 
Hi 2 (x,t, -£) = -//i 2 (x,t,C), 
fi 2 i(x,t, -£) = -/j, 21 (x,t,£), 

/J, 22 (x,t, -£) = /j, 22 (x,t,£). (2.51) 

Proof. Following the proposition 2.1's proof in [4]. □ 

If ijj(x,t) satisfies (I2.2p .it follows that det(^) is independent of x 
and t. Hence, since detD(x,t) = l,the determinant of the function /j, 
corresponding to ip according to (12.281) is also independent of x and 
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tin particular, for fj,j,j = 1, 2, 3, Revaluation of det(^) at (xj, tj) shows 
that 

det{ f ji j ) = l,j = 1,2,3,4, (2.52) 

In particular, 

dets(C) = detS(0 = detS L (£) = 1. 
It follows from f[2ToTJj) that 



Sll(C) = 322(0, S 2 l(0 = S 12(Q, 

Sn (0 = 3a®, 5 21 (0 = gi 2 (Q, 

Slu(0 = Slz2@, s L21 (o = s L12 (0, 

so that we use the following notations for s(0, S'(^) and <Sl(0- 



^(0 



K0_a(0 7 V 5(0 A(0 , 3 

-4(0 fi(0 x 



The relations in fl2.5ip imply that a(£),A(£) and .4.(0 are even func- 
tions of £, whereas 6(0,5(0 and S(0 are odd functions of £,that is, 

a(-0 = a(0, 6(-a0 =-&(£) 
A(-0 = A(0, S(-ar) = -B(0 (2-54) 
A{-t) = A{£), B(-x) = -B(0. 
The definitions of /X3(0, 0, 0, A*2(0, T, 0, /^(-k, 0, imply 

S (0 = // 3 (0, 0, = I - e^^^X?/, 0, 0%, (2.55) 

./o 

S-\Z) = e 2 ^ 3 // 2 (0,T,0 = 1+ / T e 2 ^ 4 (^(y 2/ u 2 )(0,r,O^, 

./o 

(2.56) 

•^(O = e 2 ^ 3 /i 3 (L,T,0 = 1+ / e 2 ^(^(V 2/ u 3 )(^,r,0rfT. 

(2.57) 

Equations (I2.25p .the determinant conditions (I2.52p .and the large £ 
behavior of /Uj imply the following properties 
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• a(£),6(£) are defined for {£ G C|Im£ 2 > 0} and analytic for 

G C|Ir< 2 > 0}. 

. a (0 = 1 + O(i), 6(0 = O(i), £ oo, Ini^ 2 > 0. 

• A(£),-B(0 are defined for {£ G C|Im£ 4 > 0} and analytic for 

G C|Im£ 4 > 0}. 



. A{£)A{£) -B(0B(0 = 1,£ 4 G R. 

. A(0 = 1 + 0(±), B(0 = 0(|), e oo, line 4 > 0. 

■4(0, g(Q 

• A(£),B(£) are defined for {£ G C|Im£ 4 > 0} and analytic for 
G C|Im£ 4 > 0}. 



. A(0 = 1 + O(f), = O(f), £ -)> oo, ImO > 0. 
2.4 The global relation 

We now show that the spectral functions are not independent but 
they satisfy an important global relation. 

Theorem 2.2. Let the spectral functions a(f), 6(f), #(0> -4(0> #(0> 6e 
defined in equations 112.53]) . where s(£),S(£), Sl{£) are defined by equa- 
tions \2. 34\ ), [2736)) . H2. 38\) . and fj, 2 , ^3 are defined by equations H2.21\) . l[2~22]) . Then 



these spectral functions are not independent but they satisfy an impor- 
tant global relation 



WO^+KOe 2 * L B(0)B(0-(b(0A(0+a(0e 2 ^ L B(0)A(0 = e^c+tf), 

(2.58) 

where c + (£) denotes the (12) element of — (e l ^ 2yr73 )(Vifi4 : )(y ,T, ^)dy ,and 
/i 4 zs defined by \2. 23\) . 

Proof. We just evaluating equation f!2.39j) at (x,t) = (0, T). □ 



2.5 The jump conditions 
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Let M(x, y, £) be defined by 

sa(f) 



,„n (3) tA \ (4) 

where the scalars a(£) and are defined below 



a(0 = a(OA(0 + b(Oe 2 ^ L B(0, 



d(0 = a(OA(0-b(OB(0. 
These definitions imply 

detM(x,t,£) = 1, 

and 



(2.59) 

(2.60) 
(2.61) 

(2.62) 
(2.63) 



Theorem 2.3. Let M(x, t,£) be defined by equation $2.590 . where Hi{x, t, £),/j,2(x, t, £) 
and fJ,3(x, t, ^),/i 4 (x, t,£) are defined by equations Ii2.20\) . l[2.21\) and Ii2.22\) . l[2.23\) .and 
q(x, t) is a smooth function. Then M satisfies the jump condition 

M + (x, t, = M_(s, t, £)J(x, t, 0, G K, 



(2.64) 



where the 2x2 matrix J is defined by 

Ji, arg£ 2 = 

J 2 , arge ~ ~~~ 



J 



<h = hJ\ X Ja, arg£ 2 



arg^ 



2 ' 



7T, 



:7T. 



(2.65) 



and 



■h 



a(Qa(0 

_m p 2ie(i) 




Jo 



°(0 



<*(e)«(0 



B(Q e -2tO(Q 



_£(£) e 2i0(£) e -2i£ 2 L M 



d(0«(Q_ 



(9(0 = e 2 ^ + 2^ 4 t, 
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(2.66) 

5(0 = a{t)Affi - KOW), d(0 = a(OW) ~ KOW)- (2-67) 

Proof. We can following the method of Proposition2.2's proof in [8]. □ 

The matrix M(x, t, £) defined in (12.59P is in general a meromor- 
phic function of £ in C\{£ 4 G Mj.The possible poles of M are gen- 
erated by the zeros of a(£),d(£) and by the complex conjugates of 
these zeros. Since a(£),A(£) are even functions and are odd 

functions, is even function. That means each zero £j of a(£) is 
accompanied by another zero at — Similarly, each zero Xj of d(£) is 
accompanied by a zero at —Xj. In particular,both and have 
even number of zeros. 

Hypothesis H.2.4. We assume that 

• a(£) /ias 2A simple zeros {%}|=i,2A = 2Ai + 2A 2 , such that 
kj,j = 1, ■ ■ • , 2 Ax, lie in D\ and £j,j = 2A X + 1, • • ■ , 2n lie in 
D 2 . 

• a(£) has 2n simple zeros {£j}|=i,2n = 2ni + 2n 2 ,such that 
£j, j = 1, • • ■ , In, lie in D\. 

• has 2N simple zeros {Xj}^ 1: 2N = 2N Y + 2N 2 ,such that 
Xj, j — 1, • • • , 2N,lie in D 2 . 

• None of the zeros of a(£) coincides with any of the zeros of 
a(fl. 

• None of the zeros of coincides with any of the zeros of 
a(£). 

According to the I2.4[ we can evaluate the associated residues of 
M.We introduce the notation [y4] 1 ([ J 4] 2 ) for the first (second) column 
of a 2 x 2 matrix A and we also write a(£) = Then we get the 
following proposition 

Proposition 2.5. 

i?e^ =€j [M(x,t,0]i = c { ?e 2i ^* +2 ^[M(x,t,Q} 2 , (2.68) 



16 J.XU AND E.FAN 

Res^[M(x,t,Oh = cf e- 2i «> +2 ^[M(x,t,0)]i, (2-69) 

Res^ x .[M(x,t,0}x = cfe^+^iMix^Xj)^, (2.70) 

Res^- x .[M(x,t,Oh = cf ] e- 2 ^ x+2 ^[M(x,t, A,)]i, (2.71) 

where 



c (i) _ i _ 



c (2) _ B(Aj) 



(2.72) 



~"3 a(Xj)d(Xj) ' 

Proof. Following [8]. □ 
2.6 The inverse problem 

The inverse problem involves reconstructing the potential q(x,t) 
from the eigenfunctions fij(x,t,(;),j = 1,2,3,4. We follow the steps 
of [1]. That means we want to reconstruct the potential q(x,t), then 
the first step is using any of the four eigenfunctions fij,j = 1, 2, 3, 4, to 
compute m(x, t) according to 

m(x,t) = lim (^(x,t,0)i2- 

£— too 

The second step is determining A(x,t) by 
rq = 4|m| 2 , 

r x q — rq x = 4(rh x m — m x fh) — 32i\m\ 4 , 

A = 2\m\ 2 dx — (4|m| 4 + 2i(rh x m — m x rh))dt. 

finally,g(a;, t) is given by 

q(x,t) = 2im(x,t)e 2iI ^) A . 

3. The definition of spectral functions and The 

RlEMANN-HlLBERT PROBLEM 



3.1 The definition of spectral functions 

The analysis of section 2 motivates the following definitions for the 
spectral functions. 
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Definition 3.1. (The spectral functions a(£) and &(£) ) Given the smooth 
function qo(x), we define the map 

S:{q (x)}^{a(0,b(0} 

with 

where ^(x,C,) is the unique solution of the Volterra linear integral equa- 
tion 

to(x,Z)=I- I e^-^(V lf i 3 )(y,0,Ody, 

J X 

and Vi(x,0,£) is given in terms of qo(x) by \2.45\ ). 

Properties of a(£), &(£) 

• a(£),6(£) are defined for G C|Im£ 2 > 0} and analytic for 
e_qim£ 2 > 0^ 

. a (0 = 1 + O(f), 6(0 = 0(f U oo, Ime > 0, 
in particular, 



a(0> 6 (0> a (f)e 2 * ,H£) e ^ L are bounded for Im£ 2 > 0. 
Remark 3.1. T/ie definition ^. 1\ gives rise to the map, 

S:{9b(aO}->{a(0, &(£)}■ 
T/ie inverse of this map, 

Q:{o(0, 6(0}"^ {«>(»)}, 

can 6e defined as follows: 

q (x) = 2im(x,t)e 4i fo\ m (y)\ 2d y, 

m(x) = lim^^M^ix,^, ' 

where M^ x '(x,^) is the unique solution of the following Riemann-Hilbert 
problem: 
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\ M?\x,t) lm£ 2 >0. 
is a sectionally meromorphic function. 

ui/iere 

/ 1 M e -2iC 2 x \ 

/•)(x,0=( ^fff^ J. (3-2) 

• M^(x,^) =1 + 0(1), ^00. 

• a(£) /ias 2A simple zeros {fcj-}|= 1} 2A = 2Ai + 2A2, such that 
kj,j — 1, • • • , 2A 1; /ze m D 1; and kj,j = 2Ai + 1, • • ■ , 2A He in 

• TTie /irst column of has simple poles at £ = kj,j = 

(x) 

1, • • • , 2 A, and the second column of M_ has simple poles at 
£ = kj, j = 1, • • • , 2A. The associated residues are given by 

Res£ =kj [M^ (x , £) ] 1 = ...! t/ .. ^'[Af''»( i ;,i j )] 2 , j = l,-- ,2A. 

(3.3) 

i2ea c= S,[Af<»)(x,0] 2 = . f= = e~ 2fk >[M^\x, k^, j = 1, • • • ,2A. 

^ V j ' J \ j ) 

(3.4) 

Definition 3.2. (The spectral functions A(£) and B(£)) Given the 
smooth function go(t), g\(t),we define the map 

^:{g (t), gi (t)}^{A(Z),B(0} 

with 

B A { ® ) = M0,£)] 2 , lm^>0. 

where £) is the unique solution of the Volterra linear integral equa- 
tion 

Hi(x,Z)=I-J e^ 4 ^ 3 (y 2 // 1 )(0,T,e)dr ! 
and V2(0,£, £) is given in terms of g (t) , gi(t) by {2.^6$ . 
Properties of A(£),B((;) 
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• A(£),B(£) are defined for G C|Im£ 4 > 0} and analytic for 

{£ e C|ImQ > 0}, 
. A(£)A(0- B(0B(0 = 1,£ 4 GR, 

• A(£) = 1 + 0(|), B(0 = O(i), £ ->■ oo, Im£ 4 > 0,in particular, 

-8(0 are bounded for f e D x U D 2 . 
Remark 3.2. The definition ^. S\ gives rise to the map, 

The inverse of this map, 

®M:{A(0,B(0}^{g (x), gi (x)}, 
can be defined as follows: 
g (t) = 2im^(t)e 2i f° A ^ dT , 

9l (t) = (Am { S(t) + \g (t)\'m^(t))e^fo + igo (t)(2m^(t) + \g (t)f 

(3.5) 

where 

A 2 (t) = A\m { ^\ 4 + 8(Re[mS 1 2 ) mS 3 2 ) ] - \m$\ 2 Re[m®}). 

The functions m^(t), m^ 2 ^(t), m^ 3 \t) are determined by the asymptotic 
expansion 

».W(t) m^jt) nfH 

where M®(t,g) is the unique solution of the following Riemann-Hilbert 
problem: 

m, s \ M (t) (t,n Im£ 4 < 0, 
1 J 1 Mf(t,0 ImO>0. 
a sectionally meromorphic function. 



^ * mW(t) m^(t) m^ft) n/ L , 
M®(t, 0=1 + — ^ + — ^ + -TT 1 + f ^ °°> 
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• MW(t,0 = I + O(|), C^oo. 

• A(£) has 2 A simple zeros {Kj}^2A = 2A l + 2A 2 ,such that 
Kj,j = 1 , • • • , 2 A\ ,lie in Di, and Kj,j = 2 A\ + 1 , • • • , 2 A lie 
in D3. 

• The first column of has simple poles at £ — Kj,j = 
1, • • ■ ,2A,and the second column of M_ has simple poles at 
£ — Kj,j — 1, • • • , 2A. The associated residues are given by 

Res, =Kj [M^(t,0h = . I e^MVfrKj)]*, j = 1,---,2A. 

(3.7) 

Res^ =R .[M^{t^)] 2 = , 1 e-^'lM^t,^)]!, j = 1, - • • ,2A 

A{K 3 )B{K 3 ) 

(3.8) 

Definition 3.3. (The spectral functions A{^) and B{^)) Given the 
smooth function fo(t), fi{t),we define the map 

S (L) :{/o(t),/iW}^M(0,^)} 



with 



[^4(0,0]2, lm£ 4 >0. 



AO 

where ^(t,^) is the unique solution of the Volterra linear integral equa- 
tion 

rT 

(H(x, = 1- y e 2 ^ (T - t)a "(V 2 fi 4 )(L, r, £)dr, 
and V 2 (L,t,0 is given in terms of f (t) , fi(t) by fl£.^7| ). 

Properties of A(£),B(£) 

• A(£),B(£) are defined for {£ G C|Im£ 4 > 0} and analytic for 
G C|Ii< 4 > 0}, 

. A(oW)-mW) = ^^^^ 

. ^(£) = 1 + O(i), B(0 = 0(1), C -> oo, Im£ 4 > 0. 
Remark 3.3. TTie definition ^. 3\ gives rise to the map, 
§ {L) :{/o(x),/i(x)}->M(0,B(0}. 
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The inverse of this map, 

Q (L) :{A(0,B(0}^{fo(x),h(x)}, 
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can be defined as follows 

fo(t) = 2im { ${t)e 2i ti A ^ dT , 

= (4rog>(t) + \g (t)\ 2 m^(t))e^fo + m{t){2m %(t) + \g G (t)f 

(3.9) 

where 

Aftf) = 4|mS 1 2 ) | 4 + 8(Re[mS 1 2 ) mi 3 2 ) ] - Imgl^mg]), 

and i/ie functions m ^ (t) , m^ 2 ^ (£) , m^ 3 * 1 (£) are determined by the asymp- 
totic expansion 

.,frt/ ,x * ^ (2) W ^ (3) W n/^ , 

^ t \t,Z)=I+—^ + —^ + —^ + 0(j i ), e^oo, 

where M^(i, £) is the unique solution of the following Riemann-Hilbert 
problem: 

M®(t,£) lm£ 4 <0, 

M%\t,g) lm£ 4 >0. 
is a sectionally meromorphic function. 

M®(t,o = M®(t,z)j<t> L \t,o, e e k, 

g(€) c -4i£ 4 t 



J {t ' L) (t,0=\ A( H% t A0 ^ h (3.10) 

• M(*)(t,0 = I + O(i), £->oo. 

• A(£) has 2 A simple zeros {/Cj}|= l5 2.4. = 2Al + 2^4 2 ;S , uc/i £/iai 
/Cj , j = 1, • • • , 2A\,lie in D x ,and JCj,j = 2A\ + 1, • • • , 2A lie 
in D%. 

• The first column of has simple poles at £ = — 
1, • • • ,2A,and the second column of has simple poles at 
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£ = JCj,j — 1, • • • , 2.4.. T/ie associated residues are given by 

Ress =ICj [MV(t,Oh = -j— \— -e 4i ^[MW(t,/C,)] 2 , j = 1, ■ ■ ■ , 2A 

(3.11) 

itea c= ^[M<«>(f,0] a = , 1 e-^^pj)]!, i = I,-- - ,2A 

(3.12) 

Definition 3.4. (An admissible set). Given the smooth function qo{x) 
define a(£),b(£) according to definition \3.1[ Suppose that there exist 
smooth functions 
9o(t),9i(t),Mt),fi(t), such that 

• The associated A(£), B(£),A(£), B(£) , defined according to def- 
inition l3~E and 1 3. 31 satisfy the relation 



= e 4 ^c+(0, ^C, 

(3.13) 

where c + (£) is an entire function, which is bounded for Im£ 2 > 
and c + (£) = 0(j),as £ — > oo. 

• 9o{0) = ?o(0),^i(0) = #),/o(0) = qo(L),fi(0) = q' (L). 
Then we call the functions go(t), gi(t), fo(t), fi(t),an admissible set of 
functions with respect to qo(x). 

3.2 The Riemann-Hilbert problem 

Theorem 3.4. Let qo(x) be a smooth function. Suppose that the set 
of functions go(t), gi(t), fo(t), fi(t),are admissible with respect to qo(x). 
Define the spectral functions a(£),6(£), A(£), B(£), A(£),B(£),in terms 
ofq (x),g (t),gi(t),f (t),fi(t). According to the . Define M(x,t,£) 
as the solution of the following 2x2 matrix Riemann-Hilbert problem 

• M is sectionally meromorphic in C\{£ 4 G WL},and has unit 
determinant. 

• M satisfies the jump condition 

M + (x, t, = M_(x, t, £)J(x, t, 0, e 4 e R. 
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where M is M + for Im£ 4 > 0,M is M_ for Im£ 4 < 0,and J is 
defined in terms of a, b, A, B, A, B by Eq. A2.65]) . 



Residue conditions Ii2.68\) - [2.71\ ) 



Then M(x,t,£) exists and is unique. 
Define q(x,t) in terms of M(x,t,£) by 

q{x,t) = 2im(x,t)e 2i h°'°) A , 

m(x, t) = lim^ 00 (^/i i (o;, t, f)) 12j (3.14) 
A = 2\m\ 2 dx — (4|m| 4 + 2i(rh x m — m x rh))dt. 

Then q(x, t) solves the DNLS equation U.l\) with 

q(x,0) =q (x),q{0,t) = g {t) , q x {0,t) = 9l {t),q(L,t) = f {t),q x {L,t) = f\ 

Proof. If a(£) and d(£) have no zeros for £ e D\ and for £ e D2 respec- 
tively, then the function M(x, t, £) satisfies a non-singular Riemann- 
Hilbert problem. Using the fact that the jump matrix J satisfies ap- 
propriate symmetry conditions it is possible to show that this problem 
has a unique global solution [25]. The case that a(£) and d(£) have a 
finite number of zeros can be mapped to the case of no zeros supple- 
mented by an algebraic system of equations which is always uniquely 
solvable [25]. 

Proof that q(x, t) satisfies the DNLS equation 

Using arguments of the dressing method[26], it can be verified di- 
rectly that if M(x, t, £) is defined as the unique solution of the above 
Riemann-Hilbert problem, and if q(x, t) is defined in terms of M by 
equation fl3.14p . then q and M satisfy both parts of the Lax pair, hence 
q solves the DNLS equation. 

Proof that q(x, 0) = qo(x). 

Evaluating the equation fl2.65l) at t = 0, we can divide the jump 
matrix into product of 2 x 2 matrix. By changing the problem into the 
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half-line Riemann-Hilbert problem, we can prove q(x, 0) = qo(x) in a 
similar way to Ref.jl]. 

Evaluating the equation (l2.65l) at t = 0: 

1 m c -2i£ 2 x 

\ d(e)«(o e d«) 

And then we introduce some 2x2 matrix 

A 



1 c -2i£ 2 i 
(°°) _ I a(fla(g) a(f) 



j-(oo) 
J 2 



1 

a(C)d(C) e 7 



1 c ~2»£ 2 x 

= o(f)d(|) I , (3.i 8 ) 



I 







(3.19) 





-B(^)e~ 2i ^ L e 2i ^ x 

Thus we can verify that: 

Ji(z,0,0 = J4«/ 1 (oo) Ji, ^ 2 (x,0,O = J^A, 

J 3 (x,0,0 = ^(J^)- 1 ^ J 4 (x,0,O = J 4 J 4 (oo) ' 

Let M« (x, t, , M( 2 ) (x, t, , (x, t, f ) , M< 4 ' (x, t, , denote M(x, t, 
for £ E D u t; e D 2 ,£ e D 3 ,£ e £> 4 .Then the jump condition (gSD be- 
comes 

M (D = M (4) j u M (l) = M (2) M (3) = M (2) M (3) = M (4) 

(3.20) 
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Using equations (JSHSJ), we find 

M«(:r,0,0 = M( 4 )(x,0,OM (oo) 4 
MW(x,0,() = MW(x,Q,t)jt ) Ji, 

M^(x,0,O = M^(x,0^)J4jt ] ' 



(3.21) 



(3.22) 



Denning M J (oo) , j = 1, 2, 3, 4, by 

M (°o) = M«(x,0,O(ii)~ 1 , M 2 (oo) = M( 2 )(x,0,O, 
M 3 (oo) = M( 3 )(x,0,O, M 4 (oo) = MW(x, 0,0^4- 

then we find that the sectionally holomorphic function M^°°^(x, £) sat- 
isfies the jump conditions 

m (oq) =M N J N ) M (oo) = M HjH i 

M 3 (oo) = M^ oo) J ; S oo) , M^^Mi 00 ^ 005 - ( ' J, '"' J>) 
These conditions are precisely the jump conditions satisfied by the 
unique solution of the Riemann-Hilbert problem associated with DNLS 
for < x < oo,0 < t < T[4j.Also detM^ = 1 and M { °°^ = I + 
0(|),£ — » oo.Moreover,by a straightforward calculation one can verify 
that the associated residue conditions change into the proper residue 
conditions |4J. Therefore, M^°°'(x, £) satisfies the same Riemann-Hilbert 
problem as the Riemann-Hilbert problem associated with the half-line 
evaluated at t — 0. Hence, q(x, 0) = qo(x). 

Proof that q(0,t) = g (t),q x (0,t) = g x {t) 

Let M(*'°)(t,0 be defined by 

M<t>°\t,0 = M(OM)G(t,£), (3.24) 

where G is given by G«, , v, , G^foi £ G D x ,£ G D 2 ,£ G 
Dz,£ G -D4. Suppose we can find matrices G^> which are holomor- 
phic,tend to I as £ — > 00, and satisfy 

J 2 (0,t,t)GU(t,0 = GW(t,OJ m (0, 
J 1 (0,t,OG (1) (*.0 = GW(*,0^ t,0) (0, 
MO,t,OG^(t,0 = G^(t,0J m (0, (3-25) 



2(» 



J.XU AND E.FAN 



where J m (0 is defined in^SM). Then equation([3J25]) yield J 3 (0, t, OC (3) (t, f) = 
G (2) (t,f) j(t ' 0) (0> and equations(l32nD, $5M) imply that M^°)(t,0 
satisfies the Riemann-Hilbert problem defined in Remark 13.21 Then 
the Remark 13.21 implies the desired result. 

We will show that such G^> matrices exist and can be written as 



(v-,/.<, ( d(U ^ 

d«) 



o 



G (4) (t,0 = 

1 c+(e - )e -4^(T- t ) H 



(3.26) 



We use straight forward calculation to verify these matrices satisfy 
the conditions (13.251) . Similar to the proof of the equation q(x, 0) = 
qo(x), it can be verified that the transformation (I3.24p replaces the 
residue conditions (I2.68j) - fl2.7ip by the residue conditions of Remark 

Proof that q(L,t) = f {t),q x {L,t) = hit) 

Following the arguments similar to the prove above we must show 
that the matrices F^\t,^) such that 



j 2 (L,t,OF (1) (t,0 = i 71(2) (^0^' i) (0, 
j 1 (L,t,0F (1) (t,0 = ^ (4) (^0^' L) (0, 
j 4 (L,t,0F (3) (^0 = ^ (4) (^0^' L) (0- 



(3.27) 
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We will show that such F^> matrices are 

-1 
-1 



-A(0 



d (0 A(0 



x e +(g) e 4»g 4 (T- t )-2ig 



(3.28) 



-A(£) 



F (4) (t,0 = | 

-1 
Similar to the previous case, the transformation 

M{L, t, M^ L > (t, = M(L, i, (3-29) 

maps the Riemann-Hilbert problem of Theorem 13.41 to the Riemann- 
Hilbert problem of Remark 13.31 □ 

Remark 3.5. It is well-known that there are three kinds of celebrated 
DNLS equations, including Kaup-Newell equation ( i.e Eq. (LH2P ), Chen- 
Lee-Liu equation [28] 

m + qxx + i\q\ 2 qx = 0, (3.30) 

and Gerdjikov-Ivanov equation 



iqt + Qxx - iq 2 q x + ^\q\ 4 q = o. (3.31) 

It has been found that they may be transformed into each other by 
gauge transformations [2"9l [311] . We can show that, for the decaying 
and smooth potential q , the Jost functions associated with spectral 
problems for these three kinds of DNLS equations have the same asymp- 
totic behavior as \x\ — > oo, so the Chen-Lee-Liu equation A3. 30\) and 
Gerdjikov-Ivanov equation A3. 31\) have the same type Riemann-Hilbert 



problem\3.J\ with the DNLS equation (1.1). 
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